The flow of a slowly varying rivulet of a power-law fluid with prescribed constant width (i.e. with pinned contact lines) but slowly varying contact angle down a slowly varying substrate, specifically the flow in the azimuthal direction around the outside of a large horizontal circular cylinder, is described. The solution for a rivulet of a perfectly wetting fluid (which can never have constant width) is obtained, and it is shown that, despite having the same local behaviour, the global behaviour of a rivulet of a non-perfectly wetting fluid is qualitatively very different from that of a rivulet with prescribed constant contact angle but slowly varying width. Specifically, it is described how the contact lines of a sufficiently narrow rivulet can remain pinned as it drains all the way from the top to the bottom of the cylinder, but how the contact lines of a wider rivulet de-pin at a critical position on the lower half of the cylinder, and how thereafter it drains to the bottom of the cylinder with zero contact angle and slowly varying width. How the shape of the rivulet and the velocity within it depend on the power-law index N is described in detail. In particular, it is shown that whereas neither the shape of the rivulet nor the velocity within it vary monotonically with N , its mass always decreases monotonically with N . Despite the limitations of the power-law model, the present results provide rare analytical insight into non-Newtonian rivulet flow, and, in particular, are a useful benchmark for the study of rivulet flow of more realistic non-Newtonian fluids.
Introduction
Rivulets of viscous fluid occur in many practical contexts, including coating processes (see, for example, Fraysse and Homsy [1] ), geophysical flows of lava, ice and mud (see, for example, Balmforth, and then used it to describe the flow of a slowly varying rivulet of a power-law fluid with prescribed constant contact angle but slowly varying width down a slowly varying substrate. In the present work we show how this solution (together with the corresponding solution for a rivulet of a perfectly wetting fluid, which we obtain here for the first time) can also be used to describe the flow of a slowly varying rivulet of a power-law fluid with prescribed constant width (i.e. with pinned contact lines) but slowly varying contact angle down a slowly varying substrate, specifically the flow in the azimuthal direction around the outside of a large horizontal circular cylinder. Pinned contact lines are likely to occur when the substrate is relatively rough, and rivulets with constant width may result from the manner in which the fluid is initially deposited onto the substrate (e.g. rapid pouring onto the substrate) and/or the texture of the substrate (e.g. a smooth stripe on a rough substrate). In particular, we show that the global behaviour of the rivulet is qualitatively very different from that described by Al Mukahal et al. [44] .
Rivulet flow down a planar substrate
In the present work we shall be concerned with flow of an incompressible power-law fluid with velocity u and pressure p for which the extra stress σ is related to the rate of strain e = 1 2 ∇u + (∇u) T by σ = 2µ(q)e, where µ(q) = µ N q N −1 is the shear-rate-dependent viscosity, q = 2 tr(e 2 ) 1/2 is the shear rate, and the power-law index N and the consistency parameter µ N are constants. The fluid is shear 2 thinning when 0 < N < 1 and shear thickening when N > 1; the special case N = 1 corresponds to a Newtonian fluid with constant viscosity µ 1 . Mass conservation and momentum balance for such a fluid take the forms
where ρ, g and t denote the fluid density, acceleration due to gravity, and time, respectively.
First we consider unidirectional steady gravity-driven flow of a thin uniform rivulet of a power-law fluid with prescribed volume flux down a planar substrate inclined at an angle α (0 ≤ α ≤ π) to the horizontal. Referred to the natural Cartesian coordinates Oxyz (with the x-axis down the line of greatest slope of the substrate, the z axis normal to the substrate, and the origin on the substrate at the centre of the rivulet) the substrate is at z = 0. The free surface of the rivulet is denoted by z = h, the semi-width of the rivulet by a, and the contact angle by β (≥ 0).
We non-dimensionalise and scale the variables by writing
where ℓ = (γ/ρg) 1/2 is the capillary length, in which γ is the coefficient of surface tension of the fluid,
is the atmospheric pressure,μ = µ N (U/ǫℓ) N −1 = (µ N (ρgǫℓ) N −1 ) 1/N is the appropriate viscosity scale, and Q is the volume flux of fluid along the rivulet. In general, there is some freedom in the definition of ǫ. For the present problem it is most convenient to define ǫ in terms of the prescribed value of the flux,
corresponding to takingQ * = 1 without loss of generality. In particular, equation (2) then shows that the thickness of the rivulet varies with the volume flux according to simply h ∝Q N/(2N +1) . Note that a different choice of ǫ, namely ǫ = β, in which case U = (ρgβ N +1 ℓ N +1 /µ N ) 1/N , corresponding to taking β * = 1 without loss of generality, was made by Al Mukahal et al. [44] . From now on we use non-dimensional quantities (with the stars omitted, for clarity).
It may be shown straightforwardly that, at leading order in ǫ, the velocity is due to a longitudinal balance of gravity and viscous effects and is of the form u = u(y, z)i with
the pressure p = p(z) is given by
and the cross-sectional free surface profile h = h(y) is due to a transverse balance of gravity and surface-tension effects and satisfies the ordinary differential equation
subject to the boundary conditions h = 0 and h ′ = ∓β at y = ±a,
where for later convenience we have defined m = | cos α| and a prime denotes differentiation with respect to y. The volume flux of fluid along the rivulet is given by
3. Rivulet flow down a slowly varying substrate
Equations (3)- (7) describe the unidirectional flow of a uniform rivulet of a power-law fluid down a planar substrate. However, they also provide the leading order description of the locally unidirectional flow of a slowly varying rivulet down a slowly varying substrate. In particular, they provide the leading order description of the flow in the azimuthal direction of a slowly varying rivulet around the outside of a large horizontal cylinder. It is rivulets of this type that we consider in the remainder of the present work (although other interpretations, such as, for example, flow down a slowly undulating substrate, are also possible). Specifically, we consider the situation in which both the azimuthal aspect ratio, ℓ/R ≪ ǫ, and the appropriately defined reduced Reynolds number, ργǫ 4 ℓ 2 /μ 2 R ≪ 1, are sufficiently small, where R is the radius of the cylinder. In particular, both of these conditions are satisfied if the cylinder is sufficiently large. [25, Sec. 4] showed that a rivulet can have constant width all the way around the cylinder only if the rivulet is sufficiently narrow (specifically only ifā ≤ π), and that for a wider rivulet (specifically forā > π) there is a critical value of α on the lower half of the cylinder, denoted by α depin (π/2 < α depin < π) and given by Figure 1 , except for a wide rivulet with prescribed constant semi-width a =ā (> π) and slowly varying contact angle β in 0 ≤ α ≤ α depin , but with zero contact angle β = 0 and slowly varying semi-width a = π/m (π ≤ a ≤ā) in α depin ≤ α ≤ π.
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at which the contact angle is equal to zero, β = 0, and beyond which there is no physically realisable solution with constant semi-width a =ā. [Note that α depin decreases monotonically withā, satisfying
For their problem, Paterson et al. [25] assumed that the contact lines de-pin at α = α depin and that thereafter the rivulet drains from α = α depin to the bottom of the cylinder with zero contact angle β = 0 and slowly varying semi-width a. [Of course, this behaviour is a special case of the more general scenario in which a rivulet with prescribed constant width de-pins and possibly re-pins at a prescribed non-zero value of the contact angle. This situation was also analysed by Paterson et al. [25, Sec. 6] for a Newtonian fluid, but for brevity is not pursued here.] An important observation is that since 
A rivulet of a perfectly wetting fluid (β = 0)
In the special case of a perfectly wetting fluid (β = 0) equations (5) and (6) have no solution for h on the upper half of the cylinder (i.e. for 0 ≤ α ≤ π/2), but on the lower half (i.e. for π/2 < α ≤ π) they have the simple solution
where h m denotes the (as yet unknown) maximum thickness of the rivulet, which occurs at y = 0.
In particular, the solution (9) shows that the semi-width a varies with α (i.e. that a slowly varying rivulet of a perfectly wetting fluid can never have constant width). The maximum velocity, denoted by u max , occurs at y = 0 and z = h m and is given by To complete the solution we must determine h m appearing in (9) . Performing the quadrature in (7) with h given by (9) we find that the flux Q is given by
where Γ and B denote the Gamma and Beta functions, respectively. Prescribing the value of the flux to be Q =Q = 1 yields
where we have introduced κ N defined by
Equations (9) and (12) show that, although both a and the form of the cross-sectional free surface profile of the rivulet are independent of N , its size (and, in particular, its maximum thickness h m ) depends on N via the flux. Figure 3 shows a plot of κ N given by (13) as a function of N , and illustrates that κ N satisfies as N → 0 + , increases to a maximum 1.27197 at N ≃ 0.24090, takes the value (24/5π) 1/3 ≃ 1.15176 at N = 1, and thereafter decreases monotonically, satisfying
as N → ∞. In particular, when N = 1 equation (12) reduces to the solution in the special case of a Newtonian fluid given by Duffy and Wilson [11] , namely h m = (24m/(5π sin α)) 1/3 . Figure 4 shows plots of h m given by (12) as a function of α/π for a range of values of N , illustrating that in all cases h m increases monotonically with α, and that the rivulet becomes wide and shallow at the middle of the cylinder according to
in the limit α → π/2 + , and that it becomes thick and of finite width near the bottom of the cylinder according to
in the limit α → π − . Furthermore, h m ∼ 1/ sin α in the limit of a strongly shear-thinning fluid, these asymptotic solutions are also included in Figure 4 . Figure 4 also shows that the variation of h m is not monotonic in N , in the sense that at any fixed value of α, h m increases with N to a maximum value, and thereafter decreases monotonically with N . and shows that in the limits N → 0 and N → ∞ the velocity has the same qualitative behaviour as that described by Al Mukalal et al. [44] for a rivulet of a non-perfectly wetting fluid. In particular, Figure 7 (a) illustrates that in the limit N → 0 we have
except in a narrow boundary layer near the substrate, and hence that the flow "self-channels" down a narrow central channel defined by h > 1/ sin α with semi-width
between two "levées" of slowly moving fluid. In the particular case shown in Figure 7 (a) the channel is defined by h > √ 2 ≃ 1.41421 and has semi-width 0.86475. On the other hand, Figure 7 (b) illustrates that in the limit N → ∞ there is a simple linear velocity profile u → z except in a narrow boundary layer near the free surface. Figure 8 shows a plot of u max , namely as a function of α/π for a range of values of N , showing that u max varies non-monotonically with both α and N . In particular, for any fixed value of N , u max increases from zero at α = π/2 to a maximum value, and then decreases back to zero at α = π, while at any fixed value of α, u max decreases from ∞ (specifically, u max ∼ m sin α/(2 √ πN ) → ∞ as N → 0 + ) to a minimum value, and then increases to (8m/3π) 1/2 as N → ∞, taking the value u max = 2(9m 2 sin α/(25π 2 )) 1/3 when N = 1; these asymptotic solutions (the former drawn for the case N = 1/30) are also included in Figure 8 .
The mass of the rivulet, denoted by M and non-dimensionalised by ρǫℓ 2 R, where R is the radius of the cylinder, is given by
leading to 
A rivulet of a non-perfectly wetting fluid (β > 0)
In the general case of a non-perfectly wetting fluid (β > 0) the solution of (5) and (6) for h is exactly the same as that for a Newtonian fluid (see, for example, Duffy and Moffatt [8] ), namely
It may be shown that, whereas for 0 ≤ α ≤ π/2 the solution (23) is valid for any ma ≥ 0, for π/2 < α ≤ π it is physically realisable only if 0 ≤ ma < π. The maximum thickness of the rivulet, h m , is obtained by setting y = 0 in (23) . As in the special case of a perfectly wetting fluid described in Sec. 4, although the form of the cross-sectional free surface profile of the rivulet is independent of N , its size (and, in particular, its contact angle β) depends on N via the flux. Al Mukahal et al. [44] showed that the flux (7) is given by
13 where f N (ma) is defined by
in which 2 F 1 denotes the hypergeometric function, and where λ N is defined by
Al Mukahal et al. [44] plotted λ N as a function of N and f N (ma) as a function of ma, and described their asymptotic behaviour.
Unlike Al Mukahal et al. [44] , who prescribed the values of Q and β to obtain an implicit equation
for the semi-width a, in the present work we prescribe the values of Q and a to determine the contact angle β. Specifically, setting Q =Q = 1 and a =ā in (24) yields an explicit expression for β, namely
and h is then given explicitly by (23) . We note that β (and hence the rivulet) does not have top-tobottom symmetry.
In the limit N → 0 + we have
and h m is then given by h m ∼ 1/ sin α. On the other hand, in the limit N → ∞ we have f N (ma) → f ∞ (ma), where
and hence (27) gives
and h m is then given by setting y = 0 in (23).
A narrow rivulet withā ≤ π
As we have already described in Sec. 3, Figure 1 shows a sketch of a narrow rivulet with prescribed constant semi-widthā ≤ π. In particular, such a rivulet can flow all the way from the top to the bottom of the cylinder. Figure 10 shows plots of β and h m for a narrow rivulet with prescribed constant semi-widthā = 2
(< π) as functions of α/π for a range of values of N . Figure 11 shows plots of h given by (23) for a narrow rivulet with prescribed constant semi-widthā = 2 (< π) as a function of y at various stations around the cylinder for N = 1/2. Figures 10 and 11 illustrate that the rivulet is thick at the top and bottom of the cylinder with both β and h m becoming infinite according to
in the limit α → 0 + , and
in the limit α → π − , except in the marginal caseā = π, in which β = 0 at α = π and the rivulet becomes thick with zero contact angle and finite semi-width π near the bottom of the cylinder according
in the limit α → π − . Both β and h m are finite in the middle of the cylinder, satisfying
in the limit α → π/2. Stationary points of β are determined mathematically by (24) and
(obtained by differentiation of (24) with respect to α) from which it may be shown that β has a unique minimum value, occurring on the lower half of the cylinder (i.e. for π/2 < α < π). On the other hand, stationary points of h m are determined mathematically by (24) and
(obtained by differentiation of (23) with y = 0) from which it may be shown that h m also has a unique minimum value, but occurring on the upper half of the cylinder (i.e. for 0 < α < π/2). Furthermore, Figure 10: Plots of (a) the contact angle β given by (27) and (b) the maximum thickness hm given by setting y = 0 in (23) of a narrow rivulet of a non-perfectly wetting fluid with prescribed constant semi-widthā = 2 (< π) as functions of α/π for N = 1/20, 1/10, 1/2, 1 (thicker curve), 2 and 10, together with the asymptotic solutions (28) in the limit N → 0 + (dashed curves), and (30) in the limit N → ∞ (dotted curves). Figure 4 , the variation of β and h m is not monotonic in N at any fixed value of α.
In the limit of a very narrow rivulet,ā → 0 + , the rivulet becomes thick according to
A wide rivulet withā > π
As we have already described in Sec. 3, Figure 2 shows a sketch of a wide rivulet with prescribed constant semi-widthā > π. In particular, such a rivulet can flow all the way from the top to the bottom of the cylinder only if its contact lines de-pin at α = α depin (π/2 < α depin < π), where α depin is given by (8) , and thereafter it drains to the bottom of the cylinder with zero contact angle β = 0 and slowly varying semi-width a = π/m according to the solution for a rivulet of a perfectly wetting fluid described in Sec. 4.
Specifically, at α = α depin the rivulet has zero contact angle β = 0, semi-width a =ā, and maximum thickness h m = h mdepin , where
while for α depin ≤ α ≤ π it has β = 0, monotonically decreasing semi-width a = π/m (π ≤ a ≤ā),
and monotonically increasing maximum thickness h m (≥ h mdepin ) given by (12).
In the limit α → α − depin we have a ≡ā, and find that β → 0 + according to
and h m → h − mdepin according to
whereas in the limit α → α + depin we have β ≡ 0, and find that a →ā − according to
and h m → h + mdepin according to (40) . In particular, the solutions in α < α depin and α > α depin join continuously (but not smoothly) at α = α depin . Figure 12 shows plots of a, β and h m for a wide rivulet with prescribed constant semi-widthā = 5
(> π) in 0 ≤ α/π ≤ α depin /π ≃ 0.62918 and slowly varying semi-width a = π/m in α depin /π ≤ α/π ≤ 1 as functions of α/π for a range of values of N . Note that since a takes the constant valueā for all α whenā ≤ π and for α ≤ α depin whenā > π, and is given by a = π/m for α ≥ α depin whenā > π, the plot of a in Figure 12 (a) is identical to the corresponding plot for Newtonian fluid given by Figure   6 (b) of Paterson et al. [25] , but is included here for completeness. Figure 13 shows plots of h given by (9) and (23) for a wide rivulet with prescribed constant semi-widthā = 5 (> π) as a function of y at various stations around the cylinder, including α = α depin ≃ 0.62918π, for N = 1/2. Figures 12 and   13 illustrate that the rivulet is again thick at the top of the cylinder with both β and h m becoming infinite according to (31) in the limit α → 0 + , and they are again finite in the middle of the cylinder, satisfying (34) in the limit α → π/2. However, in this case the rivulet becomes thick with zero contact angle and finite semi-width π near the bottom of the cylinder according to (17) in the limit α → π − .
Futhermore, Figure 12 also shows that, like in the case of a narrow rivulet described in Sec. 5.1, the variation of β and h m is not monotonic in N at any fixed value of α.
In the limit of a very wide rivulet,ā → ∞ (in which α depin → π/2 + ), the rivulet becomes flat according to
on the upper half of the cylinder and is given by (9) on the lower half of the cylinder. Figure 14 shows contour plots of h given by (9) and (23) 
Contours plots of the free surface

The mass of the rivulet
Whatever the value ofā, the mass of the rivulet is given by
(although care must, of course, be exercised to evaluate the second integral correctly whenā > π). 
whereas in the limit of a wide rivulet,ā → ∞, M → ∞ according to
where the constant C N in both (44) and (45) 
Conclusions
In the present work we described the flow of a slowly varying rivulet of a power-law fluid with prescribed constant width (i.e. with pinned contact lines) but slowly varying contact angle down a slowly varying substrate, specifically the flow in the azimuthal direction around the outside of a large horizontal circular cylinder.
We obtained the solution for a rivulet of a perfectly wetting fluid (which can never have constant width), and showed that, despite having the same local behaviour, the global behaviour of a rivulet of a non-perfectly wetting fluid is qualitatively very different from that described by Al Mukahal et al. [44] . Specifically, we described how (as sketched in Figure 1 ) the contact lines of a sufficiently narrow rivulet withā ≤ π can remain pinned as it drains all the way from the top to the bottom of the cylinder, but how (as sketched in Figure 2 ) the contact lines of a wider rivulet withā > π de-pin at α = α depin on the lower half of the cylinder, and how thereafter it drains to the bottom of the cylinder with zero contact angle β = 0 and slowly varying semi-width a = π/m.
How the shape of the rivulet and the velocity within it depend on the power-law index N was described in detail. In particular, we showed that whereas neither h nor u vary monotonically with N at any fixed value of α, its mass is always monotonically increasing inā but monotonically decreasing in N .
Despite the limitations of the power-law model, the present results provide rare analytical insight into non-Newtonian rivulet flow, and, in particular, are a useful benchmark for the study of rivulet flow of more realistic non-Newtonian fluids.
